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The search for a definition of distances over sets of skeletal analogs (identified to G-Hilbert
spaces of vector ligand parameters) is initiated from the algebraic formulation of the constant
of stereogenic pairing equilibria (pairing product). A basic definition equation is devised from
thermodynamical speculations. The equation is proved to have always a single potential dis-
tance solution D, as soon as the pairing product is discriminating. The equation of D, is con-
structed in order to satisfy three consistency requirements: complete G-invariance (arbitrary
orientations selected to describe skeletal analogs do not affect the value of D,); extension prop-
erties (D, coincides with two standard completely G-invariant distances or with the Euclidean
distance in borderline cases); all the distance properties except, perhaps, the triangular inequal-
ity. The latter point remains challenging in general, and is computationally verified in some
examples.

1. Introduction

In current molecular representations, constituting atoms are located at sites of
a symmetrized skeleton. Chemical transformations take place either at the level of
the skeletal geometry (rearrangement, condensation, etc.) or at the level of the
ligand distribution (isomerization, substitution, etc.). In quantitative approaches,
the constituting atoms are characterized by ligand parameters, and the structural
modification brought about by the assignment of these parameters can be formally
quantified through the notion of “fuzzy symmetry subgroup” [1]. Treatment of
stereogenic pairing equilibria between skeletal analogs has received a fairly consis-
tent algebraic formulation [2,3]: the trend of the results proved hitherto prompts
us to explore further the mathematical scope addressed by the basic hypotheses
below:

(1) Skeleton symmetrization: skeleton of interacting molecules are identically sym-
metrized in a realistic manner.
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(2) Skeleton overlap pairing: the geometry of the paired species is the juxtaposition
of the two skeletons, in such a manner that they are parallel and close to each

other.

(3) Scalar product form of the ligand interactions: only one kind of pairwise ligand
interactions occurs, and the corresponding energy is proportional to a scalar prod-
uct between real or vector ligand parameters.

When two molecules are supposed to pair under such conditions, the so-called
chemical pairing (constant K) is shifted towards homo-pairing for attractive-type
interactions in several general situations, and hetero-pairing has never been found
to be favoured in any particular situation hitherto considered. In addition, the shift
vanishes only if the molecules are chemically equivalent. On the very outset, the
study is restricted to pairing equilibria where K satisfies

(@K=1.
(b) K = 1 only if the paired species are chemically equivalent.

The corresponding function K(u,v) is then called a “discriminating pairing
product” [4]. These properties of a discriminating pairing product call to mind two
of the properties of a distance D, namely:

(@)0<D(u,v),
®YD(u,v) =0=u=v.

Efforts are now made to exhibit a distance D, on E/G (set of skeletal analogs
with a given skeleton symmetry group G) from a discriminating pairing product
defined on (E, d : G) (E =set of skeletal analogs with all possible orientations gen-
erated by the skeletal symmetry group G; d =Euclidean distance of the ligand
parameter space). D, might also be considered as a completely G-invariant distance
on E[5].

Standard completely G-invariant distances on metric spaces (E, d) are defined
by

V(u,v)eE?, Dy(u,v)= Inf d(gu,hv)
geGheG

and this notion is related to the notion of discriminating pairing product in the
limitp = —a/kT — co. Indeed, proposition 1 has been proved previously: [4].

PROPOSITION1
When p — oo, K, converges to a discriminating pairing product K

Keo,9) = Jim Ky(u,v) = exp | nf (gu,v)|.

where
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</G °*P [“%dz(gu, U)] dg)l/p </G exp [_gd?‘(gv, v)] dg) 1/p
( /G exp{-—%dz(gu, v)} dg) 2/p )

Moreover, the limit of /In K, when p — + o0, i.e. the function Dy,: E x E—R,
(a,v) > +/In K (u,v) = Infzeg d(gu, v) is a completely G-invariant distance on E,
i.e. a distance on the set E/G of all the orbits.

The distance D, is the limit for g = + co of the series

1
D;(U,V) -

(e %)™

Any positive function D; satisfies all the properties of a distance on E/G but the
triangular inequality. However, not only the limit D_(g — + 00), but also the limit
Di(g—1) satisfy the triangular inequality and are completely G-invariant
distances

Ky(u,v) =

g>1

PROPOSITION2
Under the preceding notations, D is a completely G-invariant distance on

(E,d).
Proof of the triangular inequality:
Y(u,v,w)eE?, D, (u,v) + D (w,V)
1 1

’ .
UG [d@lll,v)]q dg)l/q (/G [d_(— gjvw]q dg)l/q
Thus,

VheG, Dy(u,v)+Dy(w,v)
1 1

__1_ q 1/qJr 1 q /g~
(L) %) (flaawm] )

The triangular inequality of the g-norm of the 1 /d function produces

w2 (| [ agmam) )

where

= (Ll ) Lz @
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Since d is a distance, d(gu, v) + d(ghw, v) >d(gu, ghw) = d(u, hw):

D, (u,v) + Dy(w,v) =~ ! (/ [d(gui()ug(zw v)]qd )l/q.

Let us calculate the ratio R of the right term to D (u, w):

“sewr's” (e ] %)
1 1/
- ([l #) /; ([ [ 4) "

This can be written for any operation 4, and in particular for the element A giving
rise to the supremum of the integral wherein it takes place:

k= (/G[BTulh—wJ‘”’Y; sup [ [«guffé“fﬁélw,v)}qdg)w'

The function “Sup,.;”’ is a p-norm limit for p = oo. Therefore, the Holder inequal-
ity for conjugate exponents (p, g) satisfying 1/p + 1/q = 1 can be applied as soon

asqg = 1:
d(u, hw)
h
/du hw) / d(gu,v) - d(ghw,v) dg d

/dguv /d

Thus, ifg = 1:
q /g
1 / d(u, hw) dg) S,
D’ (u W) G d(gus V) ’ d(ghw7 V)
Consequently,
1 d(u, hw)

!
o Jodlgu,v) - d(ghw,v) &> D1
The triangular inequality for ¢ = 1 and proposition 2 follow. D] is opposite to D’
in the following sense: whereas in D/, the weights of the d(gu,v) equal 0 or 1, in
the distance D, the relative weights of the d(gu, v)’s are smoothed off. The concern
resides in the design of completely G-invariant distances such as D) where all the
“covering gaps” (i.e.: d(gu, v), d(gu, u) and d(gv, v), g € G) occur, without neglect-
ing a priori all of those which are not the smallest ones. A possible distance
D,(u, v) with p <oo is sought as a solution of some functional equation involving
the discriminating pairing product K,:
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(Dp) =

Even if the dxstance d is not yet supposed to be Euclidean, the following properties
arerequired in order to devise a consistent equation:

(i) G-invariance requirements:

(a) D, is completely G-invariant, i.e. the functional equation linking K, and D,
must preserve the complete G-invariance of K.

(b) YueE,VgeG, Dp(u,gu) = 0.

(ii) Extension requirements:

(a) D, isanextension of the metric distance d: if ug is invariant to all the operations
of G, then: Vue E, Vge G, Dy(u,ug) = d(gu,ug) = d(u,up). In particular, if E
is a normed vector space: Dp(u, 0) = ||ul].

(b) When p — 00, D, tends to the standard completely G-invariant distance D .

(c) Whenp—0, D, tends to the “smooth” completely G-invariant distance D].

(iii) Distance propertieson E/ G:

(a)V(u,v) e E2,0< Dy(u, v).

(b)V(u,v)e E%, D,(u,v) = 0 = FheG,v = gu(converse of (ib)).
©)V(u,v,w) eE3 Dy(u, w)<Dp(u,v) + Dy(v, w).

2. Thermochemical speculations

Consider the chemical equilibrium (E) occurring under the conditions men-
tioned above:

[BB][AA4]

24Be AA+ BB, K= .
[4B]

, (E)

each canonical set of copies of an observable species, say AB, is a set of molecular
states {4;B;}. The equilibrium is now formally regarded as a set of elemental equili-
bria between states of the involved paired species:

(AiB)+ AxBj2) AiBj+ AxBy2 AiA+ BB : Ky .

The search for a quantity D allowing the equilibrium (E) to be defined as a “super-
position” of these elemental equilibria, is undertaken from the equation:

K =exp [— [;3,0} Nl,[ZkI i kl] Dz/ “x (N : normalizing factor)
=¥, Z exp[ o {E(4idi) + E(B;B))
ijk,l

—E(4:B)) - E(AkB,)}—qz—] .

ikl
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The Kjju’s express the relative abundances of A4;A4x, B;B;, A;B;, and A:B; in the
whole equilibrium (E). D? represents an energy defined with respect to the lowest
energy state on one side of the equilibrium, say the right-hand side 44 + BB,
and takes into account the competitive cross-pairing process: A4;B; + AB;
2 A;B; + A B. Coefficients a;;x; are thus required to weight the Kjjx’s in K. They
are defined by

— 1/2
a i = (o)
with ay = Eg(AA) + Eo(BB) — 2E(A;B), ouj = Ey(AA) + Eo(BB) — 2E(AB)),
where Eg(AA) and Ey(BB) denote the ground states of the homo-pairs.

Although D is related to the standard free energy of the equilibrium, no clear
macroscopical interpretation is claimed: D? represents a mean cohesion energy,
averaged over molecular states, of a species 4B with respect to disproportionation
products 44 and BB. These definitions are applied to pairing equilibria of skeletal
analogs represented by vectors u and v:

2u/vau/u+v/v.

The states (u/v);, (a/v)y, (u/a)y, (v/v); correspond to “stereoisomeric states”
of observable pairs 4B =u/v, A4 =u/u, BB =v/v. Under the three basic
hypotheses used in the algebraic treatment of stereogenic equilibria, the energy of
paired species is expressed as a function of vector ligand parameters. It follows that
the thermodynamic equation of D takes a form (given in theorem 1 below) suitable
for a systematic study.

3. Definition equation

In what follows, p is a positive number which is supposed to have the thermody-
namic significance: p = —a/kT, witha <0.

THEOREM 1
Let K, be a discriminating pairing product on a metric space (E,d : G), and let
us consider the equation of an unknown function D,: E x E—R,:

Sun(Dp(u,v)) = [Ky(u, V)P (E)
with

=/

pd*(gu,Iv) + d?(ku, hv) — d*(gu, ku) — d*(Iv, hv)
P [5 d(gu, hv) - d(ku, Iv) g

x dg dh dk dI,
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/G cxp[—gdz(gu,u)] dg - / exp{—‘%dz(gv,v)] dg

(/Gexp[ pdz(gu,v)} dg)2

If E is a complex vector space (E is a G-Hilbert space), then d is Euclidean and eq.
(E) has a single solution D,. Furthermore, D, fulfills the afore-mentioned consis-
tency requirements (i), (i1) and (iii), except, perhaps, the triangular inequality

(iiic) [6].

K2(u,v) =

Notice:

Under such conditions, D, fullfills at least as many requirements as D; +1 (pro-
position 2). However, contrary to p in D,, ¢ has no thermochemical meaning in
D

q

Proof
The following notation is adopted:
a|b)
V(@b e E2cos(a,b) = _(a[b) _
(@) RETall- o]

Owing to the isometric character of the action of G on E, the integral over G* boils
down to anintegral over G*:

Buv(D,) = /// exp[p cos(gu — hv,ku — v)D2(u,v)] dg dh dk .
G3

We aim at proving that the map &: R, —[1, +o0], #(x) = Py y(1/x) is biunivocal.
Let us first notice that $(0) = 1.

oVxeR,, &' (x) =///pcos(gu—hv,ku—v)
(e

x exp[pcos(gu — hv,ku — v) x| dg dh dk

and

@’(0)=p///cos(gu—hv,ku—v) dg dh dk
G

. (gulkw) + (1) - (guly) - (hvli)
@m”wfng% g — vl e — V] d dh dk.

Successive variable changes g = h~lg, i = hg’, b = "'k and b = K"~1¢’~! lead
to
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@’(O) =p RC[I(Juu + va + Juv - Jvu)] 3

where
2
1= /GJ lgu - ﬁcfﬁu =~ (/G ngudf vn) !

Jao = / (¢alb) dg (a,b=1u,v).
G

The following proposition holds [1]:

PROPOSITION 3
Let G be a compact group, endowed with its Haar measure dg. Let
E=mV ®...®m,V,bethe expansion of E into irreducible representations. The
character of V; is noted as x; and its degree is denoted as n;. Let P;: V —m;V; be
the projector of E onto the isotypical representation m; V;. Then
VgeG, V(a,b)eV?, / (ghalhb)dh = ZW
G i

i=1

” - xi(g) -

By integration over g: Jap = [;(galb) dg = (P1(a)|P1(b)), wherein P; denotes the
projector onto the unit representation (n; = 1). Therefore,

Tau + I + Jav = Jou = [P1 @) + [P * + (Pr(w)|P1(v)
+ (P1(V)[Pr(w) = [|Pi(w) = PV
Consequently,

2
#(0) = pls(w) 2P ([ ) 0.

oVxeR,, @”(x)=///pzcosz(gu—hv,ku—-v)
G

x exp[pcos(gu — hv,ku — v) x| dg dh dk >0

Thus, ¢’ is an increasing function of x over R,.. Since #'(0) >0, ¢'(x) is always
positive, and @ is an increasing function over R,. But #(0) = 1, and & is an injec-
tion from R, into [1, +o0].

On the other hand, when x — + oo, &"(x) isequivalent to

Sup p?cos’(gu — hv, ku — v) exp[pcos(gu — v, ku — v) x] = p?ef*.
(k) eGP
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Therefore, when x — + oo, " (x) = + co.

It follows that when x— + oo, &#(x) = + 0o, and & is surjective from R, onto
1, +oo]

K, is supposcd to be a discriminating pairing product In particular, K,>1.
Smce & is biunivocal from R, into [1,+o0], eq. (E) allows a function D, to be
unequivocally defined. For the same reason, D,(u,v) =0 if and only if
K,(u,v) = 1,i.e.ifand onlyif 3ge G, v = gu (K, is discriminating).

The symmetry of eq. (E) is transferred to its solution D,, and D, is completely
G-invariant.

Furthermore, it is easily checked that if u belongs to the unit representation of
G (VgeG, gu=u),thenVveE, D,(u,v) = ||u — v||. Likewise, when p = + oo, the
solution of (E) tends to the standard completely G-invariant distance defined by
(proposition 1):

V(u,v)€E?, D(u,v) = nf llgu—hv]| = Inflgu—v].
At last, expanding {Pu,v(Do(u,v))l/p and [K,(u, v)}’ in the neighborhood of p = 0,
the limit equation (E) provides a solution Dy which coincides with Df:

/ngV).

The map “D,(u,v) = +/InK,(u,v)” is a distance on E/G only if p = +o00. For
p < + oo, this map does not fulfill the condition (ii.a) and the complete definition
equation (E) is needed. Nevertheless, D, is always greater than In K,. More
precisely:

Dg(u, V)

PROPOSITION 4
Under the same hypothesis as in theorem 1, the solution D, of eq. (E) satisfies
the following inequalities:

2
dg ) < InK,(u,v) <DX(u,v).

Dl 17t ([

Proof
The notations of the proof of theorem 1 are retained.

Pyy(Dp)< Sup exp[pcos(gu—hAv,ku—v) Df,(u, V)] = exp[pDIZJ(u, v)].
(ghk)eG

On the other hand, the exponential function is convex:

By (D,) = exp[pD(u,v) /// cos(gu — hv,ku — v) dg dh dk .
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Using a result of the proof of theorem 1,

Puv(Dp) = exp[D;(u, v)®'(0)]

dg 2
= exp Dj(u,v).p.||9>1(u—v)112.( Gm) }

Fromeq. (E), pInK,(u,v) = In®, y(D,(u, v)), and the proposition follows. 0

In a first approach, the eventual verification of the triangular inequality by the
solution D), necessitates the explicit expression of D,(u, v). However, the analytical
resolution of (E) is not possible in the general case. Nevertheless, in borderline
cases, partial resolution can be achieved. The corresponding mathematical study
has no direct chemical implication, but it argues in favour of the consistency of the
general model.

Simplification of the problem can be achieved by restriction:

e to simple groups (G = {e, c}) and simple representations (of degree 1);
etosubsets F of E;

e to a local differential analysis (v = u + du) [7].

4. Representations of the group 8, = {e, o}

It has been proved elsewhere that pairing products on all §;-Hilbert spaces E
are discriminating [2,4]. §; has only two irreducible representations (of degree one):
the unit representation ¥ with the character x; (x1(e) = x1(o) = 1), and the repre-
sentation ¥, with the character x; (x2(e) = 1, x2(0) = —1): E is split as a direct
sum: E =m Vi@®my V3. A vector uin E 1s written as u = u; @u,, with uyem; V3
andu; emy V; (euy = uy = ouy; euy = up = —ouy). Itis easily verified that

Ky,(u,v) = K,(uy,v1) - Kp(uz,v2)

1/
cosh[pﬂmllz]coshLPIIVzIIZ]) ’

= exp[—Lllu; — v11?] ( cosh?[p(uz|vy)’]

On the other hand,

Sus(Dy) =1 3 explpcos(gu — v, ku - v) D¥(u,v)].
g.hk=eo

@ is calculated by using the relations eu; = uy, eu; = u, ou; = ug, ou; = —uy;
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dsu,v(Dp(uav)) :% Z

g.hk=%+1

% exp | p lus = vi]|? + Re(guz — Avylku; — v2)
Vllar = vill? + llguz = Aval?4/llw = vi[[? + lkuz = va 2

2
Dp (a,v)

No analytical solution of the equation “®y,y(D,(u,v)) = K,(u,v)” is available in
the general case.

(I) my = 0 FE= szz.'
Calculations lead to:

K?(u,v) = SoShiplulP coshiplv
’ cosh?[p Re(u|v)]

Buv(Dp(u,v)) = %{cosh{pDﬁ(u, v)] + cosh [p || lall? = (Iylf? - v)} } |

u—v||-flutv|

e By restriction to the sphere F, of radius r and centered at 0, the equation is
resolved:

2 2
D,(u,v) = ! invcosh 2200811 L -1}.
p cosh”(pr? cos(u, v))

The triangular inequality has been numerically verified for my = 1, E = C and for
F, = F; (half-circle of unit radius in the complex plane wherein curvilinear coordi-
nates of u boil down to a single number 8, € [0, 7], and: cos(u, v) = cos(fu — 6y)).

e If m, = 1, then E = C is an irreducible representation of 8,. By restriction to the
Euclidean (real) subspace F = R, the action of §; is defined by: VxeR, ex = x.

ox = —x. Again, the equation can be resolved explicitly:
1. hpx? h
¥(x,)eR?,  Dy(x,y) = \/ ~invcosh [COS px 2°°S py }
p cosh? pxy

The triangular inequality has not been proved analytically, but was always satis-
fied in an iterative computation for 0<x<10, 0<y<10, 0<z<10, with incre-
ments Ax = Ay = Az = 0.05.
Thus, it is very likely that D, is a distance on R/8; = R, or R_. D, does not
depend explicitly on the Euclidean distance “‘|a — b|”, unlike distances é defined by:
8(x,y) = |f(x) —f(¥)|, where f: R—R, is an mjectlve map, or by: é(x,y)
= 0(|x — y|), with: R, = R,,6(0) = 0,V(u,v) € (RY)?,8(u + v) <8(u) + 6(v)[8].
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(2)my =my = 1. E = COC (regular representation of 8, )

By restriction to the Euclidean (real) plane F = R®R, u; =y, u = x: 8, acts
by reflexion with respect to the y-axis (ex = x, ox = —x, ey = oy = y). Equation
(E) takes the form (u = (x,),v = (¥, )')):

2+2exp[paD?] + 2exp[pbD?] + exp[pcD3] + exp[pd D]

cosh px? cosh px?
cosh? pxx’

= 8explp(y — ¥')’]

’

where
i b —y) = (x+X)(x=¥) |
VO =2+ @+ 22—y + (x— =)’
o b =)+ (x+X)(x =) |
Vo= +x+x) Jr—y) + (x-x)
=)= (k)
O—yV+ 27

L= =)
=)+ (x-x)
On the x-axis (and parallel lines) we find again the distance

Dp(x,x') = \/—;-invcosh[

Given x>0 and x’ >0, when p— + 00, Dp(x, x’) tends to the Euclidean distance
|x — x| and is equivalent to

cosh px? cosh px’z}
cosh? pxx’ '

Finally, the solution of (E) on a line parallel to the y-axis (x = x) is defined by

2+ exp[pr,] +4exp Py~ ¥ Df,
VO =) +4x3
N2
+ exp {waz} = 8exp[p(y — y')z] .

-y +axg ”
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When xo — + oo, the solution of (E) on the line to infinity is explicitly given by

D,(»,y') = \/é invcosh[4exp(p(y — y')?) — 3].

The location of the various expressions found for the solution D, of (E) is summar-
ized infig. 1 [9].

Let us come back to the chemical interpretation. Upon a simple change of the
axis in R?, the regular representation of 8, is also a permutation of coordinates X
and Y such that: X = %(y +x),Y = ﬁ(y — x). If X and Y are regarded as ligand
parameters at equivalent sites of a symmetrized skeleton (the two substituents of a
ketone [3], of a carbene [3], etc.), a pair of points u(X, Y) and ou(Y, X) represents
a molecule. The “gap” D, between two points belonging to different pairs is inde-
pendent of the points considered. If the triangular inequality is satisfied in a whole
plane, D, is a distance for the set of the skeletal analogs with two equivalent skele-
tal sites and real ligand parameters (see fig. 1).

5. Concluding remarks

Most of the preceding definitions might be extended to regular metric spaces
without an Euclidean or Hermitian structure [10]. A non-Euclidean version of the
theorem [6a] could be useful in the following way. Suppose that D is a completely

Y
—\ -~ - - Dp(y,y')= ly-y'l

Dy (y.y)=[(1/p) Argchidexp(p(y-y) % _3)f 2

U

OU 8= ==dumm= .W DP(U'V)

AV e--—r—---N==g--- ST 7

D, (xx)= (1/p) A.rgch. chpx? chpx' LY cthxx'] IRE

WMW
Y=%

Fig. 1. Lines admitting explicit solutions of eq. (E) for the representation of 8, in the Euclidean real

plane F = R@®R by the reflexion with respect to the y-axis (ex = x, ox = —x, ey = oy = y). The coor-

dinates X and Y are permutated by o and may be regarded as ligands parameters of molecules with
two equivalent skeletal sites.
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G-invariant distance corresponding to a pairing product K, on an Euclidean vector
space E. (E/G, D¢) is a metric space. G is realizable as a subgroup of the orthogo-
nal group O,(E). The representation of G induces representations of bigger groups
H, O,(E) o H o G. Now, neither the complete G-invariance (¥(g,h) e (H — G)?,
Dg(gu,v) = Dg(u,v)) nor the regular G-invariance (isometry: Vge HDg(gu, gv)
= Dg(u, v))is valid any longer. Therefore, the previous process leading from (E, d)
to (E/G, Dg) cannot be iterated to go from (E/G,Dg) to (E/H,Dy), where Dy
would be the completely H-invariant distance on E/G (and on E itself).

Nevertheless, such an iteration could be done if G is a normal subgroup of H
(then, Vge H, Dg(gu,gv) = Dg(u,v)): when H is the direct product of two sub-
groups G and K, two ways would be possible to get a completely H-invariant dis-
tance extension. The first way directly gives the distance Dy on E/H. The second
way would proceed in two steps: first, a distance on E/G is defined. Since G is nor-
malin H, the process would be valid again from the metric space (E/G, D) instead
of (E,d): another completely H-invariant distance D)y, on H = G- K would be
obtained. Comparlson of Dy with D/, is challenging, but even in the most non-tri-
vial case H = (8;)%, E = R®R the calculatlon of Dy and DY, is not an evident
task.

Efforts are in progress to exhibit new discriminating pairing products, and then
explore the question of triangular inequality of the solution of eq. (E). Due to the
failure to prove so far that D, is a distance [11], the differential resolution of (E) will
be addressed in order to endow spaces E/G with a metric related to the kinetics of
transformations between skeletal analogs [7].
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here. At first sight, the Euclidean expression &, ,(x fff exp[p cos(gu ~ hv, ku — )Dﬁ(u, v)]
dg dh dk can be tentatively extended by

pd?(gu,iv) + d*(ku, hv) — d*(gu, ku) — d*(Iv, hv)
Duv(x) = ////ex [ d(gu, hv - 40w, Iv) xzil dg dh dk dli .

However, it is not obvious that the requirement (iib) follows from such an expression, unless we
were able to prove that the inequality |d?(gu,lv) + d?(ku, hv) — d*(gu,ku) — d*(Iv, hv)|
<2d(gu,hv) - d(ku,lv) is everywhere satisfied. This problem will be at least formally
circumvented by dividing the unknown x? by a factor C,(u, v)f(”), where f(p) = p/lp — pol,
po # 0and:
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d*(gu, Iv + d*(ku, hv) — d*(gu, ku) — d*(Iv, hv) (g

Cr(u,v) = Max{ d(gu, hv) - d(ku, Iv)

h, k)eG3}(C,,,(u,v)>1).

See: R. Chauvin, Entropy in dissimilarity and chiralty measures, submitted for publication
(1994).

(b) The equation can be formulated in an even more general context than the context of metric
spaces E. Let 4 and B be two fuzzy subgroups of G (which may be realized as fuzzy symmetry
subgroups of molecular models u and v), and let C be a conjugacy link between them [1]. A
definition of D,(4, B) can be written by the equation: ¢, 5(D,(4,B))D,(4,B) =1/X(4,B),
where X is the conjugacy index, and

pIn” palg) + In pp(h) — 1o’ pc(kg) — In® pc(hk)
245 = [ / [ [ Tn ac (kg) 0 ac (k) 2| de dn de.

[7] R. Chauvin, Paper IV of this series, J. Math. Chem. 16 (1994) 285.

{8] For example, the function §(x,y) = |x* — 2|'/ is a distance on R/S,. Notice that & corresponds
to Dy, the limit of the series D, for ¢ = 0 (see proposition 2): Dy = [[],. s d(gu, )1l

[9] The real projection of the regular representation of 8, is studied in ref. [7].

{10] Not only the Euclidean structure of E, but also the isometric character of the action of G on E,
can be ommitted in the very first definitions of K}, and &,,: averaging over all the relative
orientations of u and v must then be added under the integral symbol.

[11] The topology defined by a distance D, over a set of G-representative vectors of E would be
equivalent to the starting Euclidean topology. A sphere of radius R centered at 0 for a distance D,
(Dp(0,u) = R) would be a set of G-representative vectors of the sphere radius R centered at 0
for the Euclidean metric. However, D, would not be invariant to translations, and spheres
centered elsewhere would be different from Euclidean spheres. In connection with such
questions, the differential geometry of E/G endowed with a distance D, could be tackled from a
differential resolution of (E), seeref. [7].



